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This article compares techniques for approximating the
transition densities of a diffusion process. It considers
Euler approximations, simulation-based methods,
binomial approximations, a numerical solution of
Fokker-Plank partial differential equations, and Her-
mite expansions. From a speed/accuracy trade-off
perspective of popular models with known densities,
this list is ordered from least preferred to best method.

D
iffusion processes are characterized
by their transition densities, but
they are generally not able to be
expressed in a closed-form way.

Diffusions are widely used in financial model-
ing, and there are two main reasons to try to
determine transition densities: 1) to achieve
likelihood-based statistical inference (the
Markov property means that the likelihood
function based on discrete observations is just
the product of one-period transitions); and 2)
to price simple contingent claims (the no-arbi-
trage price is the integral of the discounted pay-
off with respect to the risk-neutral density).

We do know many features of both the
probabilistic and analytical nature of the den-
sities. These features suggest ways to approxi-
mate the densities.

We provide a detailed comparison of some
of the methods most commonly used. We
describe five approximation methods for the
transition densities of a diffusion process: the
Euler approximation, simulation methods, bino-
mial approximations, numerical solutions of a
partial differential equation related to the tran-

sition density, and finally a Hermite expansion.
The first four methods are all more or less estab-
lished in the financial and statistical literature,
while the last method has only recently been
proposed by Aït-Sahalia [2002] and [1999]. 

We compare these with standard mod-
els in which the transition densities are known:
the Vasicek [1977] model, the Cox, Ingersoll,
and Ross [1985] model, and the Black and
Scholes [1973] model. For financially reason-
able parameter values, the least preferred
approximation technique in terms of
speed/accuracy trade-offs is the Euler approx-
imation, and the best is a Hermite expansion.

We consider a one-dimensional time-
homogeneous diffusion process X with dynam-
ics governed by the stochastic differential
equation (SDE):

(1)

where W is a Brownian motion on some fil-
tered probability space, and µ, σ: are
functions such that Equation (1) has a solu-
tion with smooth transition densities.1

It is these transition densities that we
want to find. That is, we are looking for φ:

(referred to as the transition
density) such that 

is the density of X∆, given X0 = x. 

y �→ φ(∆, x, y)

R+×R×R �→R+

R �→ R

dXt = µ(Xt)dt + σ(Xt)dWt, X0 = x,
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I. APPROXIMATION TECHNIQUES 

Euler Approximations 

If ∆ is small, we can think of dXt as X∆ – x, approx-
imate the Xt on the right-hand side of Equation (1) with
x, and treat dWt as a N(0, ∆) variable. This leads to the
approximation 

where n(.; α, β) is the density of the normal distribution
with mean α and variance β. This is called the Euler
approximation. It is effective when ∆ is small; see Kloe-
den, Platen, and Schurz [1994] for precise statements
about the types and orders of convergence. 

When we need a density approximation, however,
∆ is typically not a quantity the modeler can control. In
many situations, we may have a clear feeling that ∆ is
small, but the error is hard to approximate in a construc-
tive manner. 

If the conditional first and second moments, say, m
and v, of X are known, then we can use 

which we call a correct moment approximation. This approxi-
mation to the density is also accurate only when ∆ is small,
but at least we have removed one source of approximation
error, and that has advantages. For instance, using the approx-
imation for statistical inference leads to martingale estima-
tion functions and thus produces consistent estimates under
weak conditions (see Bibby and Sørensen [1995]).

Simulation 

When a simulation approach is used to approximate the
density for Equation (1), several things have to be considered.
The first task is generating random numbers. We consider
two generators: pseudo-random and quasi-random.

For a pseudo-random generator, we use a linear con-
gruential formula; see Press et al. [1992]. This creates
numbers that behave as if they were independent and 
U(0, 1)-distributed. 

We also consider quasi-random numbers or low-dis-
crepancy sequences, which have recently received some
attention. A one-dimensional quasi-random sequence

φA(∆, x, y) = n(y; m(∆, x), v(∆, x)),

φA(∆, x, y) = n(y; x + µ(x)∆, σ2(x)∆),

is a sequence of numbers in the interval [0, 1], where
numbers have been carefully chosen to “fill out the
space” more rapidly than just picking independent 
U(0, 1) variables. In this case, the numbers are not ran-
dom—but very much the opposite, one could say. It is
not hard to imagine that this “space-filling property”
is useful for Monte Carlo integration, which is what we
are doing abstractly in simulations using the law of large
numbers. For more details on quasi-random numbers
and references to the underlying mathematical litera-
ture, see Galanti and Jung [1997] and Joy, Boyle, and
Tan [1996]. 

Quasi-random points can also be defined and cre-
ated in , where they are points that fill out the unit
cube fast, but it is somewhat more difficult to create M-
dimensional quasi-numbers because the coordinates can-
not be chosen “independently.” In other words, to get
N quasi-points in the -unit cube, we cannot just take
N � M points from a one-dimensional quasi-sequence,
and then rearrange them as N vectors of length M (as we
can with pseudo-numbers). We have to be careful not to
scramble the ordering of the quasi-numbers; see Joy,
Boyle, and Tan [1996] for more details. We use the so-
called Sobol numbers, which we get from an extension
(to dimensions higher than 6) of the algorithm in Chap-
ter 7 in Press et al. [1992].2

With a uniform sequence, we would like to simu-
late outcomes of X∆ by applying the inverse distribution
function. Our main point, however, is that we do not
know this function; we do not even know the density.
The solution is to discretize Equation (1). There are dif-
ferent ways (often called schemes) to do this. An excellent
survey of the topic can be found in Kloeden, Platen, and
Schurz [1994]. 

We consider two schemes: the Euler and the Mil-
shtein schemes.3 They are given by 

(2)

(3)

where a prime mark denotes differentiation; a bullet indi-
cates that the function should be evaluated at Xjδ (as all right-
hand side functions are); X0 = x is given; δ = ∆/M is the
time step (chosen by us) between two discretizations; M is
a fixed number of discretization times; and n1, n2, …, nM are

X(j+1)δ − Xjδ = δµ (Xjδ) +
√

δσ (·) nj+1,

X(j+1)δ − Xjδ = δ

(
µ(Xjδ) − 1

2
σ(·)σ′(·)

)
+
√

δσ(·)nj+1 +
δ

2
σ(·)σ′(·)n2

j+1

+δ3/2

(
1

2
µ(·)σ′(·) +

1

2
µ′(·)σ(·) +

1

4
σ2(·)σ′′(·)

)
nj+1

+δ2

(
1

2
µ(·)µ′(·) +

1

4
µ′′(·)σ2(·)

)

R
M

R
M
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standard normal variables.4 The Milshtein scheme is a refine-
ment of the Euler scheme leading to higher accuracy (weak-
second-order as opposed to weak first-order convergence).

Generating M standard normal variables therefore
leads to one realization of X∆ by using either the Euler
or the Milshtein scheme, and N � M variables are needed
to produce N numbers used to estimate the density of
Equation (1). Whichever generator and simulation scheme
we use, we end up with N realizations of X∆. 

As shown in Duffie and Glynn [1995] and in Duffie
[1996], there is a computationally optimal relationship
(depending on the order of accuracy of the scheme)
between the number of simulations (N) and the number
of time steps (M) with a fixed amount of computer time.
It is asymptotically optimal to quadruple the number of
simulations with each doubling of time steps for the Euler
scheme. For the Milshtein scheme, one should make 16
times as many simulations when the number of time steps
is doubled. These results also explain why there is not
much gained by considering higher-order schemes; it’s
the simulation error, not the discretization error, that
matters. 

The N realizations of X∆ can be used to approximate
the density for (1) or to approximate the price of a finan-
cial security. To estimate a transition density, one basi-
cally has to make a histogram on the real axis or the
half-axis [0, ∞), whichever is the supporting region for
the underlying process X. Suppose that the relevant axis
is divided into intervals, . The simulation of one
realization of X∆ is in one of the intervals , and
after N simulations we count how many realizations actu-
ally end up in the interval . Dividing each of
these numbers by N, we have the histogram that approx-
imates the transition density. 

One could also use kernel smoothing, known from
non-parametric statistical analysis, although a histogram
is actually a kind of kernel smoothing, with the choice
of kernel being the rectangular one. Other kernels could
be chosen, such as the Gaussian density function. For our
purposes, there is not much to gain using other kernels.
This statement is documented in Silverman:

There is very little to choose between the various
kernels on the basis of mean integrated square error.
It is perfectly legitimate, and indeed desirable, to
base the choice of kernel on other considerations,
for example the degree of differentiability required
or the computational effort involved [1986, p. 43].

[yi, yi+1)

[yi, yi+1)

[yi, yi+1)

R

Since differentiability of the density is not an issue here,
and since the rectangular kernel is the least computationally
time-consuming kernel, a histogram perfectly satisfies the
demands of our numerical analysis of transition densities. 

For the N realizations of X∆ generated by a pseudo-
generator, the error is of order in the central limit
theorem sense. The central limit theorem does not apply
to the quasi-generator. Instead, it can be shown that the
difference between true quantities and the sample coun-
terparts is of the order (lnN)M/N, which is smaller than
the error induced using pseudo-numbers. As we will show,
quasi-numbers are not overwhelmingly more efficient
than pseudo-numbers, especially when computer time is
considered. A further problem with quasi-numbers is that
we have no simple way to approximate or estimate the
extent of the error in a typical finite sample. 

A final comment regarding other techniques for
improving simulation is in order. First, the control vari-
ate techniques must be mentioned. These methods depend
on a relationship between a known (analytical) density
and the density for Equation (1) found by simulation. 

Suppose we use the same random numbers to cre-
ate approximations to both the density for (1) and the
known density. If the control problem looks like the
original one, then there is good reason to believe that
the errors (one known, one unknown) are the same.
This can be used to correct our estimate of the unknown
density. What makes a good control variate is highly
problem- dependent, and we therefore do not imple-
ment such methods in this article (although using the
standard normal density might improve the pseudo-ran-
dom estimate).

Another way to reduce the variance is the antithetic
technique, where the basic idea is simply that a realiza-
tion of a symmetric random variable Z is paired with the
identical distributed random variable –Z. This is used to
generate two realizations of X∆, the first using the real-
izations n1, n2, …, nM, and the second –n1, –n2, …, –nM.
Since this method is generic, we use it in both the pseudo-
and the quasi-random experiments. 

Binomial Models 

Binomial models are classic all-purpose tools in
finance, so we all know what they look like. Exhibit 1
shows zooming in on a particular node. 

When we want a binomial model to approximate a
diffusion model, which we assume is given by (1), we have
to let the time step-size k tend to zero; let the number of

1/
√

N

20 TRANSITION DENSITIES OF DIFFUSION PROCESSES SUMMER 2002

Copyright © 2002 Institutional Investor, Inc. All Rights Reserved

It is illegal to reproduce this article in any format. Email Reprints@iijournals.com for Reprints or Permissions.

Copyright @ Institutional Investor, Inc.  All rights reserved.



steps tend to infinity (equally fast of course); and choose
space step-sizes and probabilities appropriately. To ensure
convergence of a binomial model, two conditions must be
met:5

1. The local first- and second-moments of the binomial
process must converge to the drift and volatility of
the diffusion process (and do so in a uniform way). 

2. The jump sizes in the binomial model must tend to
0 (also appropriately uniformly). 

This still leaves us considerable freedom in the choice
of probabilities and up and down moves. One way to
construct a binomial model is first to try with:6

This essentially takes care of conditions 1) and 2);
minor (but tedious) adjustments may be necessary to
ensure uniformity (a problem that arises if the σ function
is not bounded away from 0). 

This plan has one serious flaw: Unless σ is constant,
it will not lead to a recombining model (a lattice), so com-
putational burdens will grow exponentially.7

Suppose we can find a function f such that 

xup = x +
√

kσ(x),

xdown = x −
√

kσ(x),

p =
1

2
+

1

2

√
k
µ(x)

σ(x)
.

in the set where σ(z) > 0. Then the Ito formula tells us
that the process (Yt) = [ f (Xt)] has unit volatility. 

Our “first try” leads to a lattice model for Y. Since
f is strictly increasing (forgetting for a moment about the
0s of σ), it has an inverse function that we can use to
transform the Y lattice into an X lattice. Convergence in
distribution is preserved under continuous transforms,
and we are done. 

This is the basic idea; some caution is needed to
deal with the singularities of 1/σ. This is seen in Nelson
and Ramaswamy [1989], who provide both a general
treatment and specific formulas for commonly used mod-
els. This idea of creating a diffusion with unit volatility is
also used in the Hermite expansion. 

The final thing we need to do is to use the bino-
mial model to estimate the transition density of the dif-
fusion. For a given initial condition x and a ∆ value, we
estimate φ(x, ∆, ) at values corresponding to values
at terminal nodes (at ∆) of the (X) lattice as 

The cumulative probabilities are easily found from the
local ones when we work through the lattice. Explicit
formulas for the specific diffusion models considered can
be found in Nelson and Ramaswamy [1989]. 

Partial Differential Equation Techniques 

Under regularity conditions, φ solves the parabolic
partial differential equation (PDE) called the Fokker-Plank
or the Kolmogorov forward equation (see Karatzas and
Shreve [1992]):8

(4)

with initial condition φ(0, x, ) = δ( – x), where δ(.)
is the Dirac δ function. If we are careful, quite useful
approximations to the solution of this PDE can be

yy

1

2

∂2

∂y2

(
σ2(y)φ(t, x, y)

)
,

∂

∂t
φ(t, x, y) = − ∂

∂y
(µ(y)φ(t, x, y)) +

probability of ending at y

1/2 ∗ distance to the point below y + 1/2 ∗ distance to point above y

yy

f ′(z) =
1

σ(z)
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obtained using finite-difference methods, such as the
Crank-Nicolson method (for details, see Strikwerda [1989]
or Duffie [1996]). 

In finite-difference methods, the time and space
variables are discretized (say, into step-sizes k and h, respec-
tively), and approximate solutions are found by solving
sequences of sparse linear systems (typically tridiagonal).
The Crank-Nicolson method is locally second-order accu-
rate in both h and k (only O(h3, k3) terms remain in a
Taylor expansion) and unconditionally stable for parabolic
PDEs. This lets us use the Lax-Richtmeyer equivalence
theorem (Strikwerda [1989, Theorem 10.5.1]) to con-
clude that the numerical solution converges. 

This theorem, however, does not give any statement
about the order of convergence. We can hope that the local
properties (second-order accuracy) are inherited globally,
but this has to be checked numerically. To do this we use
the error analysis technique suggested in Østerby [1998],
which is based on the same arguments as the well-known
Richardson extrapolation technique that  we then apply (see
Poulsen [1999, Section 3.2] for further details). 

We use as the initial condition at some point i in
the discretized world a normal-density approximation:

(5)

where x is the starting point of the diffusion. By one def-
inition of the Dirac δ function, this converges to the true
initial condition as k → 0. As pointed out in Strikwerda
[1989, p. 121], the Crank-Nicolson method tends to
behave badly for non-smooth initial data (the Dirac δ
function is not a smooth function; it isn’t even strictly a
function), but with the choice above things work nicely.9

Clearly, if the order of accuracy is the same in the
time dimension as in the space dimension, it is compu-
tationally efficient to keep the step sizes proportional, i.e.,
let them tend to 0 at the same rate. The error/order anal-
ysis mentioned above can be used to find a good con-
stant of proportionality. 

Hermite Expansion 

The idea of expanding an unknown density func-
tion in terms of its moments by using Hermite polyno-
mials goes back to Cramér [1925]. He also shows,
however, that the density has to be almost normal for the
Hermite expansion to converge. Most transition densities
in finance are not. 

n(yi; x + µ(x)k, σ2(x)k),

y

Ways of expanding unknown and far-from-normal
densities in terms of moments/cumulants have been devel-
oped. The Edgeworth expansion is one example used in
finance to approximate the density of a sum of lognor-
mal variables (needed for pricing Asian options). 

Rather than working on the non-normal densities
directly, Aït-Sahalia’s [1999] idea is to transform the den-
sity into something that is close to normal and then expand
on that. The advantage is that in a diffusion setting the
appropriate transform and its inverse can be found using
only the drift and volatility functions; no further knowl-
edge of the unknown density is needed. In this way, the
method is parsimonious; a successful Edgeworth expan-
sion of the untransformed density would require a more
detailed investigation of how it is non-normal (which
would probably amount to the same calculations as Aït-
Sahalia performs). 

We briefly review the transformations, assumptions,
and main results for Hermite expansions. For more in-
depth analysis, see Aït-Sahalia [1999 and 2002]. 

We first transform X into Y = f (X), where Y satisfies 

The Ito formula tells us that f´ = 1/σ and µY( ) = µ f´
– σf ´́ /2 = µ( f –1( )/σ[f –1( )] – σ´[f –1( )]/2. We then
further center and scale into 

Now define the Hermite polynomials as:10

Define the J-th truncated density of Z (which will serve
as an approximation of the true density φZ) as 

(6)

where n(z) is the standard normal density, and 

φ
(J)
Z (∆, z0, z) := n (z)

J∑
j=0

ηj (∆, z0) Hj (z)

Hj (z) := e
z2

2
dj

dzj

[
e−

z2

2

]
, j ≥ 0.

Z =
√

∆(Y∆ − y0).

yyy
y

dYt = µY dt + dW (t),
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If the ηj functions can be determined, the right-
hand side of (6) can be calculated, and we have an approx-
imation of φZ. By the Jacobian transformation result, the
J-th truncated densities of Y and X can be found as 

(7)

(8)

so we have a direct approximation of the X density. This
is important in a likelihood context, because we can spec-
ify (and optimize) the (approximate) likelihood function
for observed data directly; we do not have to apply a
parameter-dependent transform to the data (which would
force us to “carry a Jacobian around”). 

These truncated densities are indeed good approx-
imations, because Aït-Sahalia [2000] shows that under
general conditions (stationarity for instance):

for all x0, in the domain of the diffusion. 
Suppose now that the f transformation and its inverse

have been found, and some J sufficiently large for our lik-
ing has been fixed. We then need the coefficients
ηj (∆, 0), j = 0, …, J, to compute φ(J )

Z (∆, 0, z)—and
seemingly we’re back to square one, because these depend
on the true and unknown density φZ. But this too can be
solved by some further approximations/expansions. 

yy

y

φ
(J)
X (∆, x0, y) → φ (∆, x0, y) , for J → ∞,

φ
(J)
X (∆, x0, x) =

φ
(J)
Y (∆, f (x0) , f (x))

σ (x)
,

φ
(J)
Y (∆, y0, y) = ∆− 1

2 φ
(J)
Z

(
∆, y0, ∆

− 1
2 (y − y0)

)

ηj (∆, z0) :=
1

j!

∫ +∞

−∞
Hj (u) φZ (∆, z0, u) du.

Explicit calculations yield:

This expectation can be evaluated using a Taylor approx-
imation. Aït-Sahalia [2000] shows that for a smooth func-
tion and an integer n, we have 

where is the infinitesimal operator of the diffusion Y
given by 

(recall that Y has unit volatility), and means 
applied i times to .11

As usual in Taylor expansions, the remainder includes
a 1/n!-factor, and when is regular (say, has at most
exponential growth) this sends it to zero as n grows. The
idea is to choose some n and then apply this result, with
each of the Hermite polynomials H0, …, HJ (remember
J has been fixed already) playing the role of , thus obtain-
ing approximations to η0, …, ηJ. 

Aït-Sahalia [2000] suggests that one decides first on
the truncation point J, and then chooses n so that the Tay-
lor expansion has terms of at most order ∆J/2. Following
this suggestion, we fix J = 6, and with the help of the
computer program Mathematica we find the expressions
for the ηj (µ

(j)
Y means the j-th derivative):

g

g

g

AAig

(Ag)(y0) = µY (y0)g
′(y0) +

1

2
g′′(y0)

A

E [g(Y∆)|Y0 = y0] =
n∑

i=0

(Aig
)
(y0)

∆i

i!
+ remainder

g

ηj (∆, y0) =
1

j!
E

(
Hj

(
∆− 1

2 (Y∆ − y0)
)
|Y0 = y0

)
.
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Using (6) we get approximations for φ(j)
Z(∆, x0, x), and

with (7) and (8) we get approximations for φ(j)
X(∆, x0, x),

all for j = 0, …, 6. These are long and imposing expres-
sions, but still closed-form approximations that can be
made as accurate as one wants. 

II. MODELS WITH KNOWN 
TRANSITION DENSITIES 

There are three models that are well-known to the
financial community and have closed-form expressions
for the transition density. 

Vasicek Model

We say Vasicek model in tribute to Vasicek [1977];
people outside the financial community would call it an
Ornstein-Uhlenbeck process. The dynamics of the SDE are 

dXt = κ(θ − Xt)dt + σV dWt,

|
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η0 = 1,

η1 = −µY
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µ2
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1
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µY µ
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1
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1
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∆
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Y )3∆ + 50µ2
Y µ

(3)
Y ∆ + 23µY µ

(5)
Y ∆ + 52µ′

Y µ
(3)
Y ∆

+180µY µ′′
Y µ′

Y ∆ + 10µ4
Y + 100µ2

Y (µ′
Y )2∆ + 20∆µ4

Y µ′
Y




,

η5 = − 1

120

(√
∆

)5 (
5µY µ

(3)
Y + 10µ3

Y µ′
Y + 15µY (µ′

Y )2 + 10µ′
Y µ′′

Y + 10µ2
Y µ′′

Y + µ5
Y + µ

(4)
Y

)
,

η6 =
1

720
∆3




10(µ′′
Y )2 + µ

(5)
Y + 15(µ′

Y )3 + 45µ2
Y (µ′

Y )2 + 6µY µ
(4)
Y + 15µ′

Y µ
(3)
Y + 20µ3

Y µ′′
Y

+15µ4
Y µ′

Y + 15µ2
Y µ

(3)
Y + 60µY µ′′

Y µ′
Y + µ6

Y


 .
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for . In this case X∆X0 = x is
normally distributed; specifically, the transition density is

where the conditional moments are 

The relevant f transformation to get unit volatility is
x → x/σV, and it is easy to see that µY = (κθ ) = σV – κy.

Cox, Ingersoll, and Ross Model 

For the Cox, Ingersoll, and Ross (CIR) [1985]
model, the dynamics of the SDE are:

for κ, θ, σCIR ∈ such that 2κθ > σ2
CIR. In this case

X∆X0 = x follows a non-central χ2 distribution; specif-
ically, the transition density has support on and is

where

c =
2κ

σ2
CIR(1 − exp(−κ∆))

, q =
2κθ

σ2
CIR

− 1,

u = cx exp(−κ∆), v = cy,

φCIR(∆, x, y) = c exp(−u − v)
(v

u

)q/2

Iq(2
√

uv) for x, y ∈ R+,

R+

R+

dXt = κ(θ − Xt)dt + σCIR

√
XtdWt,

m(t, x) = E(Xt|X0 = x) = e−κtx + θ(1 − e−κt),

v(t, x) = V ar(Xt|X0 = x) =
σ2

V (1 − e−2κt)

2κ
.

φV (∆, x, y) = n(y; m(∆, x), v(∆, x)),

κ, σV ∈ R+ and θ ∈ R and Iq is the modified Bessel function of the first kind of
order q.

The conditional mean is given by the same expres-
sion as for the Vasicek model, while 

The relevant f transformation is ,
and we find that µY(y) = (2κθ – σ2

CIR/2)/(2σ2
CIRy) –

κy/2. 

Black-Scholes Model 

People outside the financial community would call
the Black-Scholes [1973] model a geometric Brownian
motion with drift. The dynamics of the SDE are: 

for r, σBS ∈ . In this case X∆X0 = x is lognormally
distributed; specifically, the transition density is 

and

The relevant f transformation is x → (lnx)/σBS, and
µY(y) = r/σBS – σBS/2. 

m(t, x) = xert,

v(t, x) = x2e2rt(eσ2
BSt − 1).

for x, y ∈ R+,

φBS(∆, x, y) =
1

σBSy
√

∆
√

2π
exp

(
−(ln y − (lnx + (r − σ2

BS/2)∆))2

2σ2
BS∆

)

R+

dXt = rXtdt + σBSXtdWt,

x �→ (2
√

x)/σCIR

v(t, x) = x
σ2

CIR(e−κt − e−2κt)

κ
+ θ

σ2
CIR(1 − e−κt)2

κ
.
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III. NUMERICAL RESULTS 

Since the object we are trying to approximate is a
whole function, there are many ways to measure the qual-
ity of the approximation.12 We give two error measures,
one absolute, one relative. (The i is the point where the
approximate solution is calculated.)  

• Maximal absolute error:

Evidently, this is a reasonable way to measure the
error, but generally it does not make sense to com-
pare e1 across models.  

• Average relative error (quoted in parts per million
in exhibits): 

The relative error tells us how many significant dig-
its of the solution we can trust, and therefore the
errors can be compared across models. One might
wonder why we do not measure, say, the maximal
relative error. This does not produce very informa-
tive numbers, since the functions we are working
with are very close to 0 in large areas. But we have
a reasonable tool for measuring the importance of
the relative errors, namely, the function itself. 

It would be possible to use more application-ori-
ented error measures, such as the degree of option mis-
pricing or the extent to which we lose the good statistical
properties of the maximum-likelihood estimation by using
an approximation. 

We use financially realistic parameters shown in
Exhibit 2 in our numerical experiments (see Chan et al.
[1992], for instance). More technique-specific parameters
are indicated in the relevant  notes. Time is the CPU time
(in seconds) on an HP-9000 Unix machine. We present
results in tabular form only for the analytical approximations
(the simple and the Hermite). For the numerical methods

e2 =
∑

i

|φA(yi) − φ(yi)|∆y

≈
∫

R

|φA(y) − φ(y)|dy =

∫
{y|φ(y)>0}

|φA(y) − φ(y)|
φ(y)

φ(y)dy.

e1 = sup
i
{|φA(yi) − φ(yi)|}.

y

(simulation, binomial, and Crank-Nicolson), information
is presented more efficiently in graph form.13

Skeptics would say that we are using too small ∆
values to make interesting or reasonable comparisons;
for such small time steps all densities are quite close to
normal. Exhibit 3 shows results for the simple analyt-
ical approximations, and reveals that there is no 
problem  detecting non-normality. This does not mean
that quantities found using such approximations, typ-
ically estimators or derivative prices, are unreasonable,
but it is encouraging for studies of refined density
approximations.
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E X H I B I T 2
Parameters for Numerical Experiments

Model Parameters

Vasicek ∆ = 1/12 x = θ = 0.08 κ = 0.24 σV = 0.025

CIR ∆ = 1/12 x = θ = 0.08 κ = 0.24 σCIR = 0.08838

BS ∆ = 1 x = 100 r = 0.08 σBS = 0.25

E X H I B I T 3
Errors for Analytical Normal  
Approximations of Densities

Model Euler “Correct Moment”

e1 e2 e1 e2

Vasicek 0.5535 9643 0 0

CIR 2.001 35164 1.79 33996

BS 0.0027 188990 0.0031 191891

e1 absolute maximal errors; e2 average errors in parts per million.
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In Exhibit 4 we see that very low errors are pro-
duced for all the Hermite approximations to the CIR
density. (The result is the same for the Vasicek and BS
models.) The approximations are not very time-con-
suming, and with just four terms in the expansion we get
errors below what any of the other methods can produce.

The graphs in Exhibit 5 show the results of differ-
ent simulations. For a small number of time discretiza-
tion steps (M), the Milshtein scheme is superior to the
Euler scheme. When M is great, there is not much dif-
ference. We see that—as expected—for a large number
of simulations (N ), the errors e1 and e2 for pseudo-num-
ber approximations decline at the rate . More sur-1/ N

prisingly, this also appears to be the case when quasi-num-
bers are used, which means that the asymptotic proper-
ties of quasi-numbers have not kicked in yet. Similar
findings in comparisons of quasi- and pseudo-numbers
are reported in Berman [1998]. 

We find that the number of simulations is more
important than the number of time steps, which sup-
ports the theorem regarding the efficient trade-off
between the number of simulations and the number of
time approximations found in Duffie and Glynn [1995].
All other things equal (simulation scheme, M, N, and
type of kernel estimation), the errors produced by the
quasi-numbers tend to be marginally lower than those
from pseudo-numbers (something like 10%), but this
advantage is wiped out when we take into account the
time needed to produce the numbers (about 20% more). 

The graphs in Exhibits 6 and 7 show the errors for
the binomial and Crank-Nicolson methods with and
without extrapolation. As expected, the Crank-Nicolson
method performs better than the binomial. There does
not appear to be much gain from extrapolation, especially
for the Crank-Nicolson method, although looks are a bit
deceiving. First, the plots are on a (log, log) scale. Sec-
ond, the numerical error analysis involved in the extrap-
olation has been used to determine the optimal ratio
between time and space steps. We also see that for very
low step sizes the errors tend to flatten out. We attribute
this to problems with the computer arithmetic (performing
many calculations with very small numbers).14

The six graphs of the (time, error) trade-off in
Exhibits 6 and 7 most strongly convey our message, since
they give a clear picture of the ranking of the methods
considered. When we take into account the computa-
tional effort needed to produce the quasi-numbers, they
are no better than pseudo-random numbers. These sim-
ulation methods are easily bettered by the binomial
method. Binomial approximation is then outperformed
by the technique that uses the Crank-Nicolson method
to solve the forward PDE. 

But neither of those methods can compete with the
Hermite expansion. The technique does require some
rather tedious algebraic calculations, but they seem to be
well worth the effort. We also note a striking similarity
of the figures across models and error types. Non-Gaus-
sianity, even non-stationarity (the BS-model), does not
affect the picture. 
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E X H I B I T 4
Errors of Approximations of CIR Density 
for Hermite Expansions by Order

Order e1 e2 Time

One 0.514 8940 0.04

Two 0.0289 525 0.05

Three 0.00592 98 0.06

Four 0.000524 11 0.07

Five 0.0000514 0.91 0.09

Six 4.02 ×10−6 0.013 0.09

e1 maximal absolute errors; e2 average relative errors in parts per million. 
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E X H I B I T 5
Log/Log Plots of Speed versus Accuracy for Simulation Methods
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All graphs are for the CIR Model and 100 interval histograms used in the density estimation. P indicates pseudo-random numbers; Q indicates quasi-random
numbers (a Sobol sequence). 8, 16, and 32 indicate number of steps used in time discretization (M). Lines represent increases in time consumption (and reduc-
tions in errors) caused by more repetitions (N ranging from 4,000 to 64,000).

Copyright © 2002 Institutional Investor, Inc. All Rights Reserved

It is illegal to reproduce this article in any format. Email Reprints@iijournals.com for Reprints or Permissions.

Copyright @ Institutional Investor, Inc.  All rights reserved.



SUMMER 2002 THE JOURNAL OF DERIVATIVES 29

E X H I B I T 6
Log/Log Plots of Speed versus Accuracy for Approximation Techniques—Absolute Errors
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Crank-Nicolson (C-N) method uses optimal ratio between time and space steps (M/N ≈ 12, i.e., many fewer time than space steps). Hermite expansion is a
6th-order approximation. Once the technique is implemented, the time consumption for the Hermite expansion is almost constant across orders. 
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E X H I B I T 7
Log/Log Plots of Speed versus Accuracy—Average Relative Errors
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IV. CONCLUSION 

A clear ranking of the different approximation tech-
niques emerges from this study. Exhibits 6 and 7 give the
result when we compare the two different errors e1 (max-
imal absolute) and e2 (average relative) and the computer
time consumed. 

Aït-Sahalia’s Hermite polynomial expansion is clearly
the best method in terms of the speed/accuracy trade-off.
The second-best approximation technique is to use the
Crank-Nicolson method to solve the PDE for the transi-
tion density. The third-best approximation stems from the
binomial technique. By far the worst way to approximate
the density is the simulation approach described first, whether
we use pseudo-random or quasi-random numbers. 

An obvious extension of this study would be to apply
the approximation techniques to models where we do not
know the transition density, since this is of course where
we would use the approximations in the first place. All the
methods are so general that this is fairly easy to do.

Another topic for future research is multidimen-
sional diffusions. Such extensions are possible, but they are
not straightforward, either in theory or in practice. For a
two-dimensional diffusion, for instance, different tech-
niques are needed in the PDE approach to achieve a rea-
sonable order of time consumption. In principle, one can
use Hermite expansions for two-dimensional diffusions,
or apply them to jump processes (processes driven by Levy
processes other than Brownian motion), but development
along these lines is still in its early stages. Simulations of
multidimensional diffusions, however, would not be a
problem, so simulations might be the appropriate choice
in the case of multidimensional diffusions. 
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1Whether a density actually exists depends on the µ and
σ functions. Karatzas and Shreve [1992, Section 5.7] give suf-
ficient conditions. How much these can be relaxed and exactly
how smooth the density is (possibly as a function of a “statis-
tical” parameter) is a very difficult probabilistic question. 

2We also tried the Faure numbers mentioned in Joy,
Boyle, and Tan [1996]. The errors behave roughly the same
way, but the Faure numbers take longer to create (by a factor
of about 7 in our implementations). 

3In the literature, the term “Milshtein scheme” often
refers to a scheme including only the first line of Equation (3).
This scheme has a lower convergence order. Both schemes
were proposed by Milshtein [1978]. We are grateful to an
anonymous referee for clarifying this. 

4To transform the uniform numbers into standard nor-
mals, we use the Box-Muller-transform for the pseudo-num-
bers, and Moro’s approximation of the inverse cumulative
normal distribution for the quasi-numbers (see Joy, Boyle, and
Tan [1996]). Using Box-Muller on the quasi-numbers would
scramble their order. 

5Technically, this is weak convergence in a space of
stochastic processes. This implies convergence in distribution
for the random variables at fixed time points. 

6These formulas should be understood as using “local
references”; x refers to the value at the node we are currently
at. Writing things out with “global references” is a notational
nightmare, especially if time and step size dependence is made
explicit too. 

7Initially, one would think that the drift function µ could
also ruin recombination, but notice how this has cleverly been
avoided by letting only the probabilities depend on µ . Advanced
readers will see the connection to Girsanov’s theorem that says
that for Ito processes “a changing probability measure is chang-
ing drift, not volatility.” 

8We use the forward equation and not the simpler look-
ing backward equation for the density because, solving the for-
ward equation numerically, we get an approximation in the
variable in which the unknown function is a density. This
means that we can use known analytic properties (such as the
function integrating to 1) to improve the numerical results. 

9Poulsen [1999, Figure 3] shows how bad a choice is a
rectangular box whose integral is 1, although this is also a nat-
ural Lebesque density approximation of a distribution putting
all mass at x. 

10Most sources would not include the 1/2-factor in the
definition, but would have a (–1)j on the right-hand side. Our
definition results in maximal notational compactness of the
expressions arising from the analysis. 

11For instance: 

and 

. It is this step that causes the length of the
formulas to increase.

12Strictly speaking, we are trying to approximate a func-
tion of three variables, t ~ time, x ~ “current state,” and ~
“future state.” We give error measurements related to only one
of these, namely, , while keeping the others fixed, since the
“error in ” is often the most relevant one. Further our stud-y

y

y

µ′
Y g′′ + 1

4g(4)1
2µ′′

Y g′ +

A2g = µY µ′
Y g′ + µ2

Y g′′ + µY g(3) +A0g = g, A1g = µY g′ + 1
2g′′
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ies indicate that results are insensitive to the chosen values of t
and x. 

13Further exhibits, as well as finer points about hardware,
software, and implementation, are available from the authors
upon request. 

14The programs are written in C using double precision.
It would be possible to use a high-level language more suited
for numerical work, but that would dramatically increase com-
putation times. 
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